In 2009, Kong, Wang, and Lee introduced the problem of finding the edgebalanced index sets (EBI) of complete bipartite graphs K m,n , where they examined the cases n = 1, 2, 3, 4, 5 and the case m = n. Since then the problem of finding EBI(K m,n ), where m ≥ n, has been completely resolved for the m, n = odd, odd and odd, even cases. In this paper we find the edge-balanced index sets for complete bipartite graphs where both parts have even cardinality.
Introduction
Given a graph G, let V and E denote the vertex set and edge set of G, respectively. A binary edge-labeling of G is a function f : E → {0, 1}. For i ∈ {0, 1}, we call e ∈ E an i-edge if f (e) = i. Let e(i) denote the number of i-edges under a binary edge-labeling Kong, Wang, and Lee [4] explored the problem of finding the edge-balanced index sets of complete bipartite graphs K m,n by investigating the cases where n = 1, 2, 3, 4, and 5, as well as the case where m = n. In [5] , Krop, Minion, Patel, and Raridan concluded the EBI problem for complete bipartite graphs with both parts of odd cardinality (the "odd/odd" case). The following year, Hua and Raridan [2] found EBI(K m,n ) where m > n, m is odd and n is even (the "odd/even" case). In this paper we find the edge-balanced index sets for complete even bipartite graphs (the "even/even" case).
Notations and Conventions
Throughout the rest of this paper, we let K m,n denote a complete bipartite graph with part A = {v 1 , v 2 , . . . , v m } of even cardinality m and part B = {u 1 , u 2 , . . . , u n } of even cardinality n, where m ≥ n ≥ 2. For any edge-friendly labeling of K m,n , we have that e(0) = e(1) = The quotient and remainder when x is divided by y using the division algorithm is denoted by x div y (or, ⌊ x y ⌋) and x mod y, respectively.
Finding EBI(K m,n )
In this section, we prove Theorem 3.1 Let K m,n be a complete bipartite graph with parts of cardinality m and n, where m ≥ n are positive even integers. Then EBI(K m,2 ) = {0}. For n ≥ 4, let
, and
Proof. In [4] , the authors show that EBI(K m,2 ) = {0} for all integers m ≥ 2. Throughout the rest of this paper, we assume that m ≥ n ≥ 4 are both even.
To find the maximal element of EBI(K m,n ) we need an edge-friendly labeling that maximizes the value of v(1) while at the same time minimizes the value of v(0). Let k and j represent the maximum value of v A (1) and v B (1), respectively.
. Given any edge-friendly labeling that maximizes 
Now, we need to find an edge-friendly labeling that maximizes both v A (1) and That is, , which ensures that in each of the three cases above, max EBI(K m,n ) is a positive quantity.
We now discuss an algorithm that provides a sequence of edge-friendly labelings (actually, a sequence of edge-label switches) that correspond to each of the balanced indices from 0 to max EBI(K m,n ). For each of the following steps, we mention only the vertices whose labels have changed due to the switches described in that step.
For some values of m and n, running the entire algorithm is unnecessary; indeed, the procedure should be terminated when max EBI(K m,n ) has been obtained. We will provide a few example graphs when early termination is allowed.
Step 0. For s ∈ , and 0 ∈ EBI(K m,n ).
In Steps 1-3, we let q(a) and r(a) represent the quotient and remainder, respectively, when a − 1 is divided by n 2 using the division algorithm.
Step Note that the first switch of a 1 in each column has no effect on the balanced index , then terminate the procedure.
Step 4. Perform this step if and only if j > n 2
. In this step, we only make switches with entries that are in the same column, thereby preserving the current vertex labels for all of the vertices in part A. Since Steps 1-3 exchange k 1s
in the top half of the matrix for 0s from row 
